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Introduction 

Corings were introduced by M. Sweedler in [2^ as a generalization of coalgebras over 
commutative rings to the case of non-commutative rings, to give a formulation of a predual 
of the Jacobson-Bourbaki's theorem for intermediate extensions of division ring extensions. 
Thus, a coring over an associative ring with unit is a coalgebra in the monoidal category of 
all A-bimodules. Recently, motivated by an observation of M. Takeuchi, namely that an 
entwining structure (resp. an entwined module) can be viewed as a suitable coring (resp. 
as a comodule over a suitable coring), T. Brzezihski, has given in some new examples 
and general properties of corings. Among them, a study of Frobenius corings is developed, 
extending previous results on entwining structures j3] and relative Hopf modules [TT] . 

A motivation to the study of Frobenius functors is the observation of K. Morita [21] that 
a ring extension is Frobenius if and only the restriction of scalars functor has isomorphic 
left and right adjoint functors. Thus a pair of functors {F, G) is said to be a Frobenius pair 
[T^ if G is left and right adjoint to F at the same time. The functors F and G then known 
as Frobenius functors ^l]. These names are now standard, and we still using them rather 
than the original Morita's denomination as strongly adjoint pairs. 

Frobenius corings (i.e., corings for which the functor forgetting the coaction is Frobe- 
nius), have been intensively studied in [3 El IHI • In this paper we investigate Frobenius 
pairs between categories of comodules over rather general corings. Precedents for coalge- 
bras over fields are contained in and p. We particularize to the case of the adjoint pair 
of functors associated to a morphism of corings over different base rings ^H]; which leads 
to a reasonable notion of Frobenius coring extension. When applied to corings stemming 
from entwining structures, we obtain new results in this setting. 

*Partially supported by the grant BFM2001-3141 from the Ministerio de Ciencia y Tecnologia 
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1 Basic notations 



Throughout this paper, A, A', A", and B denote associative and unitary algebras over a 
commutative ring k, and except mention clarifies opposite, d, €!' , and S) denote corings 
over A, A', A", and B, respectively. We recall from ^27, that an A-coring consists of an 
yl-bimodule €, with two A-bimodule maps 

A:(2: — >(L®A^, — > A 

such that ((£ A) o A = (A (g)^ (£) o A and (e (g)^ C) o A = ((£ ®^ e) o A = Ig;. A 
right d-comodule is a pair (M, Pm) consisting of a right A-module M and an A-linear 
map Pm : M ^ M (g)^ ^ (the coaction) satisfying (M ®^ A) o p^ = {pM ®a ^) o pm, 
(M ®A e) o PAf = Ijv/- A morphism of right C-comodules {M,pm) and (iV, p^r) is a right 
A-linear map f : M N such that (/ o p^^j = p^y o /; the fc-module of all such 

morphisms will be denoted by Home;(M, A^). The right C-comodules together with their 
morphisms form the additive category Ai'^. Coproducts and cokernels in Al'^ do exist and 
can be already computed in Ma, the category of right A-modules. Therefore, Ai^ has 
arbitrary inductive limits. If a^ is fiat, then A^^ is a Grothendieck category. The converse 
is not true, as fSl Example 1.1] shows. When <t = A with the trivial A-coring structure, 
then = Ma- 

Now assume that the A' — A-bimodule M is also a left comodule over an A'-coring 
C with structure map Am : M ^ ®a M. It is clear that pm : M ^ M ®a is a 
morphism of left C-comodules if and only if Am : M — ^ C (^a' M is a morphism of right 
C-comodules. In this case, we say that M is a C — €-bicomodule. The €! — €-bicomodules 
are the objects of a category M'^, whose morphisms are defined in the obvious way. 

Let Z be a left A-module and f : X ^ Y a, morphism in Ma- Following jHl 40.13] we 
say that / is Z-pure when the functor — ^a Z preserves the kernel of /. If / is Z-pure 
for every Z G aM then we say simply that / is pure in A^a- 

2 Frobenius functors between categories of comodules 

Let T be a /c-algebra, and M G ^M^. Let : T — > EndA(M) the morphism of fc-algebras 
given by the right T-module structure of the bimodule tMa- Now, suppose moreover that 
M G M'^. Then End£(M) is a subalgebra of EndA(M). We have that ip{T) C Ende;(M) if 
and only if pM is T-linear. Hence the left T-module structure of a T — C-bicomodule M 
can be described as a morphism of fc-algebras if : T ^ End(r(M). Given a fc-linear functor 

F ■.M'^^ M^, and M G '^M^, the algebra morphism T ^ End£(M) ^-^^ End^{F{M)) 
defines a T — D-bicomodule structure on F{M). We have then two fc-linear functors 

- ®T F{-), F{- ®T -):M^x ^M'^ ^ Al®. 
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Let Tt,m be the unique isomorphism of 2)-comodules making the following diagram com- 
mutative 

T 0T F{M) ^ F{T ®T M) , 




F(M) 



for every M G ^Ai'^. We have Tt,m is natural in T. By the theorem of Mitchell fIE\ 
Theorem 3.6.5], there exists a unique natural transformation 

T_,_ : - ®T F{-) F{- ®T -) 

extending the natural transformation Tt,m- We refer to [ISj for more details. 

Remark 2.1. The theorem of Mitchell |^ Theorem 3.6.5] holds also if we suppose only 
that the category is preadditive and has coproducts, or if the category is preadditive 
and the functor S preserves coproducts. This fact is used to go up that the natural 
transformation T exists for every /^-linear functor F : Ai'^ ^ Ai^ even if the category 
is not abelian. Note also that its corollary |25| Corollary 3.6.6] holds also if we 
suppose only that the category is preadditive. 

Let M e '^'M'^ and N e '^M'^" . The map 

^M,N = Pm®aN - M ®A^N ■■ M ®aN ^ M ®a^®aN 

is a C — €"-bicomodule map. Denote by MD^A^ its kernel in a'M.a"- If ^m,n is C^/-pure 
and yi//€"-pure, and the following maps 

ker(co'A/^Ar) (g)^// €!' ®a" ^ ®A' ^ ®A' ker(cc'Af,Ar) and C ®a' ker(co'M,Ar) (8 A" ^' (1) 

are injective, then MD^A^ is the kernel of lom,n in Ai'^' . This is the case if lom,n is 
(C ®A' *i')A'-pure, A"{.^" ®A" (C'O-pure, and C ®a' ^m,n is A"^"-pure (e.g. if C^, and a"^" 
are flat, or if C is a coseparable A-coring). 

If for every M G Af^ and G '^Ai'^ , u!m,n is C^/-pure and ^''^^''-pure, then we have 
a bifunctor 

-□c- : '^'M^ X ^M"^" ^'Af^" ■ (2) 

which is A;-linear in each variable. If in particular and a"^" are flat, or if C is a 
coseparable A-coring, then the bifunctor (j2)) is well defined. 

By a proof similar to that of II. 1.3], we have, for every M G Ai'^, that the functor 
MDir— preserves direct limits. 

The following lemma was used implicitly in the proof of 18, Proposition 3.4], and it 
will be useful for us in the proof of the next theorem. 

Lemma 2.2. If M e '^'M'^, and F : M'^ ^ is a M-compatible k-linear functor in 
the sense of 118, p. 210], which preserves coproducts, then for all X G Ai"^ , 

'^XiS,^,€',m{X 0^' A_F(Af)) = F{X 0A' Aa/)Tx,M- 
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Proof. Let us consider the diagram 



X F{M) 





X ^A' F{(t' ®A' M) 



T 




F{X ®A' M) 



F{X Oa' e:' M) 



The commutativity of the top triangle follows from the definition of Xf(m), while the right 
triangle commutes by [18, Lemma 3.3] (we take S = T = A', and Y = £'), and the 
left triangle is commutative since Tx,-- is natural. Therefore, the commutativity of the 



A closer analysis of TH", Theorem 3.5] gives the following generalization of [211 Propo- 
sition 2.1] and [HI 23.1(1)] (concerning this last, the condition "F is kernel preserving" is 
used in its proof). Recall from [21] that a coring €. is said to be coseparable if the co- 
multiplication map Ag; is a split monomorphism of C-bicomodules. Of course, the trivial 
A-coring <L = A is coseparable and, hencefoth, every result for comodules over coseparable 
corings applies in particular for modules over rings. 

Theorem 2.3. Let F : Ai'^ Ai^ be a k-linear functor, such that 

(I) bS) is flat and F preserves the kernel of ®a ^ — N (8>a for every N G Ai'^, or 

(II) € is a coseparable A-coring and the categories A4'^ and Ai^ are abelian. 

Assume that at least one of the following statements holds 

1. Ca is projective, F preserves coproducts, and Tjy^^, TNf^Atx ^'"e isomorphisms for 
all N G Ai'^ (e.g. , if A is semisimple and F preserves coproducts), or 

2. Ca is flat, F preserves direct limits, and Tat u;, Ttv^^u; ,); are isomorphisms for all 
N G Ai'^ (e.g. , if A is a von Neumann regular ring and F preserves direct limits), 
or 

3. F preserves inductive limits (e.g., if F has a right adjoint). 
Then F is naturally equivalent to — □|i;F(C). 

Proof. At first, note that if €.a is projective, then the right A-module C(8>a ^ is projective 
(by [2H1 Example 3, p. 105, and Proposition VL9.5]). Hence, if €a is projective and F 
preserves coproducts, then F is M-compatible in the sense of fHl P- 210], for all M G '^Ai'^. 
In each case, we have F is C-compatible where €. G ^A^^. Therefore, by fHl Proposition 
3.4], F{€) can be viewed as a C — S-bicomodule. From Lemma 12.21 and since T_ £ is a 



rectangle holds. 



□ 
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natural transformation, we have, for every G A^*^, the commutativity of the following 
diagram with exact rows in Ai^ 

p jv (g) A -F' ( C) - <Xi A A F f tn 

^ NDeF{€) N Fi€) ^ ®A F{€) 



F{pn) 



T 



iV(8^£,£ 



F{N) F{N ®A ^) F{N ®A ^ ®A <t) 

(the exactness of the bottom sequence for the case (J J) follows by factorizing the map 
^N,€ = Pn (^a € — N <^a A(r through its image, and using the facts that the sequence 

^ — ^ N^A't N®A^®A^ is split exact in M'^ in the sense of jl 40.5], 

and that additive functors between abelian categories preserve split exactness). By the 
universal property of kernels, there exists a unique isomorphism t]]^ : NOirFlC) —>■ F{N) 
in Ai^ making commutative the above diagram. It easy to show that rj is natural. Hence 
F ~ □ 

As an immediate consequence of the last theorem we have the following generalization 
of Eilenberg- Watts Theorem [2^1 Proposition VI.10.1]. 

Corollary 2.4. Let F : ^A'^ M.^ he a k -linear functor. 

1. If bS) is flat and A is a semisimple ring (resp. a von Neumann regular ring), then the 
following statements are equivalent 

(a) F is left exact and preserves coproducts (resp. left exact and preserves direct limits); 
(h) F c:^ — DirM for some hicomodule M G 

2. If A^ and ^2) are flat, then the following statements are equivalent 

(a) F is exact and preserves inductive limits; 

(b) F c:^ — DgM for some hicomodule M G ^M.^ which is coflat in '^M.. 

3. If ^ is a coseparable A-coring and the categories Ai'^ and are abelian, then the 
following statements are equivalent 

(a) F preserves inductive limits; 

(b) F preserves cokernels and F ~ — DirM for some bicomodule M G 

4. If ^ = A and the category M.^ is abelian, then the following statements are equivalent 

(a) F has a right adjoint; 

(b) F preserves inductive limits; 

(c) F ~ — ®A M for some bicomodule M G ^M."^ . 
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A bico module G ^A^^ is said to be quasi-finite as a right S}-comodule if the functor 
- ®aN : Ma — ^ M'^ has a left adjoint /^^(A^, -) : A<® — > Ma, the co-hom functor. If 
wy^AT is D ®B S)-pure for every right (t-comodule Y (e.g., ^S) is flat or C is coseparable) 
then A^xi is quasi-finite if and only if —n^N : M'^ —>■ M^ has a left adjoint, which we still 
to denote by hx){N, — ) [TBI Proposition 4.2]. The particular case of the following statement 
when the co-hom is exact generalizes [21 Corollary 3.12]. 

Corollary 2.5. Let N G '^M^ be a hicomodule, quasi-finite as a right D-comodule, such 
that A^ and ^S) are flat. If the co-hom functor hxi(A^, — ) is exact or if Ti is a coseparable 
B- coring, then we have 

h^{N, -) ~ -D^h^{N, ^):M^^ M'^. 

Proof. The functor hj)(A^, — ) is A;-linear and preserves inductive limits, since it is a left 
adjoint to the fc-linear functor — D^A^ : M'^ M^ (by fHl Proposition 4.2]). Hence 
Theorem 12.31 achieves the proof. □ 

Now we will use the following generalization of fl^ Lemma 2.2]. 

Lemma 2.6. Let A, A' be bicomodules in ^M*^ and G = — DxiA, G' = — DjjA'. Suppose 
moreover that a^ is flat and B is a von Neumann regular ring, or a^ is flat and G and G' 
are cokernel preserving, or D is a coseparable coring. Then 

Nat(G,G") - Homs,£(A,A'). 

Proof. Let a : G ^ G' be a natural transformation. By fHl Lemma 3.2(1)], is left 
S-linear. For the rest of the proof it suffices to replace ® by ®b in the proof of [01 Lemma 
4.1]. □ 

The following proposition generalizes well-known facts from tensor product functors for 
modules to cotensor product functors for comodules over corings. 

Proposition 2.7. Suppose that a^, ^a, bS) and Db are flat. Let X G '^M^ and A G 
^M'^. Consider the following properties: 

(1) —\3(rX is left adjoint to — DxiA; 

(2) A is quasi-finite as a right (t-comodule and — D^X ~ he;(A, — ); 

(3) A is quasi-finite as a right ^-comodule and X ~ he;(A, (t) in '^M^; 

(4) there exist bicolinear maps 

^ : XD^A and cu : AD^X D 
in '^M'^ and ^M^ respectively, such that 

(cuDsA) o (ADcV) = A and {XD^u) o (tpD^X) = X; (3) 
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(5) ADe;— is left adjoint to XDj)— . 

Then (Op and |^ are equivalent, and they imply (C^. The converse is true if ^ is a 
coseparable A-coring. If aX and bA are flat, and ujxy = Px '^b Y — X ®^ py is pure as 
an A-linear map and ujy,x = Py ®a X — Y ®b px is pure as a B-linear map (e.g. if 
and x)A are coflat 0, 21.5] or A and B are von Neumann regular rings), or if C and D 
are coseparable, then ^ implies (Op. The converse is true if and j)A are coflat, or if 
A and B are von Neumann regular rings, or if €, and T) are coseparable. Finally, if £ and 
2) are coseparable, or if X and A are coflat on both sides, or if A, B are von Neumann 
regular rings, then (OP, (0j and ^ are equivalent. 

Proof. The equivalence between and (j21) follows from Proposition 4.2]. That (0) 
implies (0) is a consequence of [18| Proposition 3.4]. If £ is coseparable and we assume Q 
then, by Corollary O h£(A, -) ~ -U^\i^{AX) - -U^X. That (H)) implies (g)) follows 
from Lemma [2.61 bv evaluating the unit and the counit of the adjunction at € and 2), re- 
spectively. Conversely, if we put F = —D^X and G = — D^A, we have GF —D^^XD^xjA) 
and FG ~ — □©(ADirX) by Proposition 22.6]. Define natural transformations 

v.iM^^-a^^^GF 

and 

e:FG^-n^^^lj^v, 

which become the unit and the counit of an adjunction by (jHl). This gives the equivalence 
between and The equivalence between (0} and (0) follows by symmetry. □ 

Definition 2.8. Following j2] and jH], a bicomodule N G '^A4® is called an injector (resp. 
an injector- cog enerator) as a right S)-comodule if the functor — C?>a N : Ai^ Ai^ 
preserves injective (resp. injective cogenerator) objects. 

Proposition 2.9. Suppose that and ^2) are flat. Let X G ^M^ and A G ^M^. The 

following statements are equivalent 

(i) — Dg^X is left adjoint to and — D^X is left exact (or aX is flat or e;X is 

CO fiat); 

(a) A is quasi-finite as a right (t-comodule, — DcX ~ h(r(A, — ), and —D^rX is left exact 
(or aX is flat or ^X is coflat); 

(Hi) A is quasi-finite and injector as a right <t-comodule and X ~ he;(A, (t) in '^Ai^ . 

Proof. First, observe that if irX is coflat, then aX is fiat [8^ 21.6], and that if aX is flat, 
then the functor — D^X is left exact. Thus, in view of Proposition 12.71 it suffices if we 
prove that the version of {ii) with — n^X left exact implies (Hi), and this last implies the 
version of (ii) with irX coflat. Assume that — DirX ~ hir(A, — ) with —O^X left exact. 
By nil Proposition 3.4], X ~ hc(A, in '^M^. Being a left adjoint, hc(A, -) is right 
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exact and, henceforth, exact. By [23 Theorem 3.2.8], Ac is an injector and we have proved 

(iii) . Conversely, if Ag; is a quasi- finite injector and X ~ h^{A,(t) as bicomodules, then 
—D,rX ~ — □e;h|i;(A, €) and, by [23 Theorem 3.2.8], we get that h£(A, — ) is an exact 
functor. By Corollary EIHl he;(A, -) ~ -□e;he;(A, (t) ~ -D^X, and ^X is coflat. □ 

We are ready to give our characterization of Frobenius functors between categories of 
comodules over corings. We left to the reader to derive the corresponding characterizations 
for the particular cases of rings or of coalgebras over fields. 

Theorem 2.10. Suppose that and are flat. Let X G ^A^® and A G ^M'^. The 

following statements are equivalent 

(i) (— DcX, — DxiA) is a Frobenius pair; 

(a) —OirX is a Frobenius functor, and hxi{X,D) ^ A as bicomodules; 

(Hi) there is a Frobenius pair (F, G) for Ai^ and M.^ such that F{€.) ~ A and G'(S?) ~ X 
as bicomodules; 

(iv) Ac, Xj) are quasi-finite injectors, and X ~ hir{A,€.) and A ~ h.^{X,D) as bicomod- 
ules; 

(v) Ac, Xj) are quasi- finite, and — ^ hir(A, — ) and — DdA ~ hj)(X, — ). 

Proof, (i) -v^ (ii) (iii) This is obvious, after Theorem 12.31 and |18i Proposition 3.4 ]. 
(i) <^ (iv) Follows from Proposition 12.91 

(iv) -x^ (v). If Xj) and A^ are quasi-finite, then and ^A are flat. Now, apply Proposition 

1231 □ 

From Proposition 12.71 and Proposition 12.91 for Theorem 12. 10|) we get the following 

Theorem 2.11. Let X G '^M^ and A G ^M'^. Suppose that A^, ^A, bS) andDs are flat. 
The following statements are equivalent 

1. (— DirX, — n^A) is a Frobenius pair, with X35 and A^ coflat; 

2. (ADg;— ,Xnj)— ) is a Frobenius pair, with ^X and j)A coflat; 

3. X and A are coflat quasi-finite injectors on both sides, and X ~ he;(A, €) in '^M.'^ 
and A ~ hj,(X,D) m ^M'^. 

If moreover €. and D are coseparable (resp. A and B are von Neumann regular rings), 
then the following statements are equivalent 

1. (— DitX, — D^A) is a Frobenius pair; 

2. (ADg;— , XDj)— ) is a Frobenius pair; 

3. X and A are quasi-finite (resp. quasi-finite injector) on both sides, and X ~ h|i;(A, C) 
m '^M^ and A ~ hj,(X,S)) zn ^M^. 
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3 Frobenius functors between corings with a duality 



We will look to Frobenius functors for corings closer to coalgebras over fields, in the sense 
that the categories of comodules share a fundamental duality. 

An object M of a Grothendieck category C is said to be finitely generated [23 P- 121] if 
whenever M = Mi is a direct union of subobjects Mi, then M = Mi^ for some index iq. 
Alternatively, M is finitely generated if the functor Homc(M, — ) preserves direct unions 
[2ni Proposition V.3.2]. The category C is locally finitely generated if it has a family of 
finitely generated generators. Recall from [221 P- 122] that a finitely generated object M 
is finitely presented if every epimorphism L ^ M with L finitely generated has finitely 
generated kernel. By [211 Proposition V.3.4], if C is locally finitely generated, then M is 
finitely presented if and only if Homc(M, — ) preserves direct limits. For the notion of a 
locally projective module we refer to [30] . 

Lemma 3.1. Let (t be a coring over a ring A such that a<L is flat. 

(1) A comodule M G M.'^ is finitely generated if and only if Ma is finitely generated. 

(2) A comodule M G A^'^ is finitely presented if Ma is finitely presented. The converse is 
true whenever M.'^ is locally finitely generated. 

(3) If A^ is locally projective, then Ai'^ is locally finitely generated. 

Proof. The forgetful functor f/ : A^'^ — > M.a has an exact left adjoint — ®a ^ : -M-a A^^ 
which preserves direct limits. Thus, U preserves finitely generated objects and, in case that 
J\A.'^ is locally finitely generated, finitely presented objects. Now, if M G M.'^ is finitely 
generated as a right A-module, and M = ^ • as a direct union of subcomodules, then 
U{M) = U^Yli^Mi) = ^jf/(Mj), since U is exact and preserves coproducts. Therefore, 
U{M) = U{Mif^) for some index iq which implies, being U a faithfully exact functor, that 
M = Mig. Thus, M is a finitely generated comodule. We have thus proved (^, and the 
converse to (j21). Now, if M G A^^ is such that Ma is finitely presented, then for every 
exact sequence ^ K ^ L ^ M — >OinAl^ with L finitely generated, we get an exact 
sequence Ka ^ La ^ Ma with Ma finitely presented. Thus, Ka is finitely 
generated and, by (P), K G Al^ is finitely generated. This proves that M is a finitely 
presented comodule. Finally, Q is a consequence of (H} and [8, 19.12(1)]. □ 

The notation C/ stands for the full subcategory of a Grothendieck category C whose 
objects are the finitely generated objects. The category C is locally noetherian [26, p. 
123] if it has a family of noetherian generators or equivalently, if C is locally finitely 
generated and every finitely generated object of C is noetherian. By [23 Propositon 
V.4.2, Proposition V.4.1, Lemma V.3.1(i)], in an arbitrary Grothendieck category, every 
finitely generated object is noetherian if and only if every finitely generated object is finitely 
presented. The version for categories of modules of the following result is well-known. 

Lemma 3.2. Let C be a locally finitely generated category. 
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(1) The category Cf is additive. 

(2) The category C/ has cokernels, and every monomorphism in Cf is a monomorphism 
in C. 

(3) The following statements are equivalent: 

(a) The category Cf has kernels; 

(b) C is locally noetherian; 

(c) Cf is abelian; 

(d) Cf is an abelian subcategory ofC. 
Proof. 1. Straightforward. 

2. That Cf has cokernels is straightforward from |^ Lemma V.3.1(i)]. Now, let / : M — > 
be a monomorphism in Cj and ^ : X — > M be a morphism in C such that = 0. 

Suppose that X = [J^^j Xi, where G Cj, and ^ : Xi —>■ X , i & I the canonical injections. 
Then f^Li = 0, and = 0, for every i, and by the definition of the inductive limit, ^ = 0. 

3. (6) =^ (a) Straightforward from [201 Proposition V.4.1]. 
{d) ^ (c) and (c) =^ (a) are trivial. 

(a) =^ (b) Let M ^ Cf, and be a subobject of M. Let l : L M the kernel of the 
canonical morphism f : M ^ M/K in Cf. Suppose that K = [J-^jKi, where Ki G Cf, 
for every i ^ I. By the universal property of the kernel, there exist a unique morphism 
a : L ^ K, and a unique morphism (3i : Ki ^ L, for every i E I, making commutative the 
diagrams 




K 



By (2), L is a monomorphism in C, then for every Ki C Kj, the diagram 




commutes. Therefore we have the commutative diagram 




10 



Then K c:^ L, and hence K G C/. Finally, by |2Hl Proposition V.4.1], M is noetherian in 
C. 

(b) (d) Straightforward from ^3 Theorem 3.41]. □ 

The following is a generalization of ^3 Proposition 3.1]. 
Proposition 3.3. Let C and D be two locally noetherian categories. Then 

(1) If F : C ^ T) is a Frobenius functor, then its restriction Ff : Cf ^ JDf is a Frobenius 
functor. 

(2) If H : Cf ^ T)f is a Frobenius functor, then H can be uniquely extended to a Frobenius 
functor if : C ^ D. 

(3) The assignment F \—>- Ff defines a bijective correspondence (up to natural isomor- 
phisms) between Frobenius functors from C to D and Frobenius functors from Cf to 

D/ 

(4) In particular, if C = tM^ and D = Ad^ are locally noetherian such that o,nd 

are flat, then F : AA'^ M.^ is a Frobenius functor if and only if it preserves 
direct limits and comodules which are finitely generated as right A-modules, and the 
restriction functor Ff : Ai'j — > AdJ* is a Frobenius functor. 

Proof. The proofs of Proposition 3.1 and Remark 3.2] remain valid for our situation, 
but with some minor modifications: to prove that H is well-defined, we use Lemma 021 (In 
the proof of the statements (1), (2) and (3) we use the Grothendieck AB-5 condition). □ 

In order to generalize j28| Proposition A. 2.1] and its proof, we need 

Lemma 3.4. (1) Let C be a locally noetherian category, lefD be an arbitrary Grothendieck 
category, F : C ^ T) be an arbitrary functor which preserves direct limits, and 
Ff : Cf ^ D be its restriction to Cf. Then F is exact (faithfully exact, resp. left, 
right exact) if and only if Ff is exact (faithfully exact, resp. left, right exact). 
In particular, an object M in Cf is projective (resp. projective generator) if and only 
if it is projective (resp. projective generator) in C. 

(2) Let C be a locally noetherian category. For every object M of C, the following condi- 
tions are equivalent 

(a) M is injective (resp. an injective cogenerator) ; 

(b) the contravariant functor Homd—, M) : C Ab is exact (resp. faithfully exact); 

(c) the contravariant functor Homd— , M) f : Cf Ah is exact (resp. faithfully 
exact). 

In particular, an object M in Cf is injective (resp. injective cogenerator) if and 
only if it is injective (resp. injective cogenerator) in C. 
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Proof. (1) The "only if" part is straightforward from the fact that the injection functor 
C/ — ^> C is faithfully exact. 

For the "if" part, suppose that Ff is left exact. Let / : M ^ be a morphism in 
C. Put M = IJ.gjMj and N = [jj^jNj, as direct union of directed families of finitely 
generated subobjects. For e I x J, let Mjj = Mj fl f~^{Nj), and fij : Mjj Nj be 
the restriction of / to Mij. We have / = lim/jj and then F{f) = \imFf{fij). Hence 

I X J IxJ 

ker F{f) = ker limFj(/jj) = limker j) = limFj {kei fij) = limF(ker /j j) (by Lemma 

IxJ IxJ IxJ IxJ 

= F(limker/ij) = F(ker/). 

IxJ 

Finally F is left exact. Analogously, it can be proved that Ff is right exact implies that F 
is also right exact. Now, suppose that Ff is faithfully exact. We have already proved that 
F is exact. It remains to prove that F is faithful. For this, let 7^ M = [J-^j Mi be an 
object of C, where Mj is finitely generated for every i E F We have 

F{M) = \imFf{Mi) ~ ^F/(Mi) 

I 

(since F is exact). Since M 7^ 0, there exists some Iq E I such that Mj^ ^ 0. By I^Hl 
Proposition IV.6.1], Ff{Mi^) ^ 0, hence F{M) ^ 0. Also by Proposition IV.6.1], F is 
faithful. 

(2). (a) <^ (6) Obvious. 

(6) =^ (c) Analogous to that of the "only if" part of (1). 

(c) ^ (a) Suppose that the functor Homc(— ,M)j is exact. Since C is locally noetherian, 
and by Proposition V.2.9 and Proposition V.4.1], M is injective. Now, suppose more- 
over that Homc( — , M)f is faithful. Let L be a non-zero object of C, and i^' be a non-zero 
finitely generated subobject of L. By Proposition IV.6.1], there exists a non-zero mor- 
phism K M. Since M is injective, there exists a non-zero morphism L ^ M making 
commutative the following diagram 



M 




^L. 

From [2ni Proposition IV.6.5], it follows that M is a cogenerator. □ 

If is flat and M G Ai'^ is finitely presented as right A-module, then |B1 19.19] the 
dual left A-module M* = Hom^(M, A) has a left C-comodule structure 

M* ~ Hom(r(M, ft) C HomA(M, ~ C ® a M*. 

Now, if aM* turns out to be finitely presented and is flat, then *(M*) = HomA(M*, A) 
is a right C-comodule and the canonical map aM '■ M *{M*) is a homomorphism in A4'^. 
This construction leads to a duality (i.e. a contravariant equivalence) 
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between the full subcategories A^g and "^A^o of and '^M. whose objects are the co- 
modules which are finitely generated and projective over A on the corresponding side (this 
holds even without flatness assumptions of €.). Call it basic duality (details may be found 
in PUj). Of course, in the case A is semisimple (e.g. for coalgebras over fields) these cate- 
gories are that of finitely generated comodules, and this basic duality plays a remarkable 
role in the study of several notions in the coalgebra setting (e.g. Morita equivalence PU] . 
semiperfect coalgebras \22., Morita duality UH], 1201; or Frobenius Functors It would 

be interesting to know, in the coring setting, to what extent the basic duality can be ex- 
tended to the subcategories Aif and '^M.f, since, as we will try to show in this section, 
this allows to obtain better results. Of course, this is the underlying idea when the ground 
ring A is assumed to be Quasi- Frobenius (see e.g. JH]) for the case of semiperfect corings 
and Morita duality), but we hope future developments of the theory would have some pay 
off from the more general setting we propose here. 

Consider contravariant functors between Grothendieck categories H : A ^ A' : H', 
together with natural transformations t : 1^ ^ H' o H and r' : 1a' ^ H o H', satisfying 
the condition H{tx)ot'j^(^x) ~ ^h{x) and H'{t'-x,)oth'{x') = ^h'{x') for X e A and X' G A'. 
Following this situation is called a right adjoint pair. 

Proposition 3.5. Let € be an A-coring such that o,nd o,re flat. Assume that M.'^ 
and '^M. are locally noetherian categories. If aM* and *Na are finitely generated modules 
for every M G Ai'f and N G '^M-f, then the basic duality extends to a right adjoint pair 
(-)* : Mj^'^Mf : *{-). 

Proof. If M G AiJ then, since Ai'^ is locally noetherian, Mc is finitely presented. By 
Lemma (3.11 Ma is finitely presented and the left C-comodule M* makes sense. Now, the 
assumption ^M* finitely generated implies, by Lemma ITTl that M* G '^■M.f- We have then 
the functor (— )* : Ai^j —>■ '^A^/. The functor (— )* is analogously defined, and the rest of 
the proof consists of straightforward verifications (see [3^ Proposition 20.14(1)], where r 
and t' are the evaluation maps). □ 

Example 3.6. The hypotheses are fulfilled if ^€ and €.a are locally projective and A is left 
and right noetherian (in this case the right adjoint pair already appears in JHl)- But there 
are situations in which no finiteness condition need to be required to A: this is the case, 
for instance, of cosemisimple corings (see fHl Theorem 3.1]). In particular, if an arbitrary 
ring A contains a division ring B, then, by ^1 Theorem 3.1] the canonical coring A ®b A 
satisfies all hypotheses in Proposition 13.51 

Definition 3.7. Let £ be a coring over A satisfying the assumptions of Proposition 13.51 
We will say that € has a duality if the basic duality extends to a duality 

We have the following examples of a coring which has a duality: 

• £ is a coring over a QF ring A such that a^ and Ca are flat (and hence projective); 



13 



• C is a cosemisimple coring; 

• C is a coring over A such that and €a are flat and semisimple, Ai*^ and '^Ai 
are locally noetherian categories, and the dual of every simple right (resp. left) A- 
module in the decomposition of Ca (resp. a^) as a direct sum of simple A-modules 
is finitely generated and A-refiexive (in fact, every right (resp. left) CC-comodule M 
is a submodule of the semisimple right (resp. left) A-module M 0^ €, and hence 
(resp. aM) is also semisimple.) 

Proposition 3.8. Suppose that the coring € has a duality. Let M G Ai'^ such that Ma is 
flat. The following are equivalent 

1. M is coflat (resp. faithfully coflat); 

2. Hom(j;(— ,M)/ : A4j M.k is exact (resp. faithfully exact); 

3. M is injective (resp. an injective cogenerator) . 

Proof. Let M G ^A'^ and N G '^Aif- We have the following commutative diagram (in Aik) 

^MD^N ^M^aN pm^aA^-m^aA^ . M^a^^aN 

Rom^iN*, M) ^ }lomA{N% M) -^^^^^^^^^^^^^omA{N* , M 0^ €) 

where the vertical maps are the canonical maps. By the universal property of the kernel, 
there is a unique morphism r]M,N '■ MOirN —>■ Home:(A^*,M) making commutative the 
above diagram. By the cube Lemma (see fl^ p. 43]), r/ is a natural transformation of 
bifunctors. If Ma is fiat then r]M,N is an isomorphism for every G '^■M.f- Finally, let 
M e M'^ such that Ma is fiat. We have 

MDe- - Hom£(-,M)j(-)* : '^Mf Mu- 

Then, M,r is coflat (resp. faithfully coflat) iff M\3^— : '^M.f ^ is exact (resp. faithfully 
exact) (by Lemma l3.4|) iff Hom|i;(— ,M)j : A^^ A4k is exact (resp. faithfully exact) iff 
M(r is injective (resp. an injective cogenerator) (by Lemma f3.4j) . □ 

Corollary 3.9. Let N G '^Ai^ be a bicomodule. Suppose that A is a QF ring and D has 
a duality. If N is injective (resp. injective cogenerator) in M.^ such that Nb is flat, then 
N is an injector (resp. an injector- cogenerator) as a right D-comodule. 

Proof. Let Xa be an injective (resp. an injective cogenerator) module. Since A is a QF 
ring, Xa is projective. We have then the natural isomorphism 

(X ®A N)n^- ~ X ®A (Nn^-) : Mk. 

By Proposition 13.81 Xj) and Xa are coflat (resp. faithfully coflat), and then X ^a N 
is coflat (resp. faithfully coflat). Now, since X 0a X is a flat right i?- module, and by 
Proposition 13.81 X 0a X is injective (resp. injective cogenerator) in □ 
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The last two results allow to improve our general statements in Section |21 for corings 
having a duality. 

Proposition 3.10. Suppose that C and D have a duality. Consider the following state- 
ments 

1. (— DcX, — DsA) is an adjoint pair of functors, with aX and Ka fl-O't; 

2. A is quasi-finite injective as a right €-comodule, with aX and Ka flo-t and X ~ 
hc(A,C) zn ^M^. 

We have (1) implies (2), and the converse is true if in particular B is a QF ring. 

Proof. (1) =^ (2) From Proposition 13.81 D is injective in A4^. Since the functor — Dg^X is 
exact, A ~ Sn^A is injective in Ad'^. 

(2) =^ (1) Assume that i? is a QF ring. From Corollary ESI A is quasi-finite injector as a 
right C-comodule, and Proposition 12.91 achieves the proof. □ 

Theorem 3.11. Suppose that (t and 2) have a duality. Let X G '^M'^ and A e ^M'^. The 

following statements are equivalent 

1. (— DcX, — DjjA) is a Frobenius pair, with Xb and Aa flat; 

2. (ADir— , XDj)— ) is a Frobenius pair, with aX and bA flat; 

3. X and A are quasi-finite injector on both sides, and X ~ hir(A, €) in '^Ai^ and 
A ~ hi,(X,D) zn ^M^. 

In particular, if A and B are QF rings, then the above statements are equivalent to 

4. X and A are quasi-finite injective on both sides, and X ~ he;(A, in '^A4^ and 
A ~ hj,(X,D) zn ^M'^. 

Finally, suppose that € and D are cosemisimple corings. Let X G ^A^® and A G ^Ai'^. 
The following statements are equivalent 

1. (— DitX, — D^A) is a Frobenius pair; 

2. (ADg;— , XDj)— ) is a Frobenius pair; 

3. X and A are quasi-finite on both sides, and X ~ hir(A, in '^AA.^ and A ^ hj)(X, D) 
zn ^Ai"^. 

Proof. At first we will prove the first part. In view of Theorem 12. 1 II and Theorem l2.1Ul it 
suffices to show that if (— n^X, — D^A) is a Frobenius pair, the condition "Xj) and Ac are 
cofiat" is equivalent to "X^ and A^ are fiat". Indeed, the first implication is obvious, for 
the converse, assume that Xb and A^ are fiat. By Proposition 13. lUl X and A are injective 
in Ai^ and Ad'^ respectively, and they are cofiat by Proposition 13.81 The particular case 
is straightforward from Proposition 13. lOl and the above equivalences . 
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Now we will show the second part. Since every comodule category over a cosemisimple 
coring is a spectral category (see [211 P- 128]), and by Proposition I3.8t every comodule 
(resp. every bicomodule) over a cosemisimple coring is coflat (resp. injector) (we can see it 
directly by using the fact that every additive functor between abelian categories preserves 
split exactness) . The use of Theorem 12.111 finishes then proof. □ 

Remark 3.12. 1. The equivalence "(1) <^ (4)" of the last theorem is a generalization 
of 'TB!, Theorem 3.3]. The proof of ^3 Theorem 3.3] give an alternative proof of 
"(1) <^ (4)" of Theorem 13.111 using Proposition 13.31 

2. The adjunction of Proposition 12.71 and Proposition I3.1UI generalize the coalgebra 
version of Morita's theorem jHI Theorem 4.2]. 

Example 3.13. Let A be a /c-algebra. Put C = A and Ti = k. The bicomodule A e ^M^ 
is quasi-finite as a right 2}-comodule. A is an injector as a right S-comodule if and only if 
the fc-module A is flat. If we take A = k = Z, the bicomodule A is quasi-finite and injector 
as a right S}-comodule but it is not injective in Hence, the assertion "(— Dg^X, — DxiA) 
is an adjoint pair of functors" does not implies in general the assertion "A is quasi- finite 
injective as a right C-comodule and X ~ he;(A, €.) in ^A^®", and the following statements 
are not equivalent in general: 

1. {—DuX, — DjjA) is a Frobenius pair; 

2. X and A are quasi-finite injective on both sides, and X ~ he;(A, €) in '^Ai^ and 
A~hs(X,D) in ^M'^. 

On the other hand, there exists a commutative self-injective ring wich is not coherent. 
By a theorem of S.U. Chase (see for example PI Theorem 19.20]), there exists then a k- 
algebra A which is injective, but not flat as fc-module. Hence, the bicomodule A G '^Ai^ is 
quasi-finite and injective as a right 2)-comodule, but not an injector as a right S}-comodule. 

4 Applications to induction functors 

We start this section by recalling from [18j, that a coring homomorphism from the coring 
<t to the coring 2) is a pair {ip, p), where p : A — > 5 is a homomorphism of /c-algebras and 
If : € D is a homomorphism of A-bimodules such that 

o {p = p o and Ag o ip = tug^j) o (y? ®a f) ° 

where cuxi,!) • 2) ®a ^ S) is the canonical map induced hy p : A ^ B. 

Now we will characterize when the induction functor — ®a B : Ai'^ ^ M.^ defined in 
[THl Proposition 5.3] is a Frobenius functor. The coaction of 2) over M ^^B is given, when 
expressed in Sweedler's sigma notation, by 

pMc^ABim ®A &) = ^ "^(0) ®A 1 ®B V5(m(i))6, 

where M is a right C-comodule with coaction puijin) = X]"^{o) ®a ^(i)- 
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Theorem 4.1. Let {ip,p) : € ^ D be a homomorphism of corings such that (^nd bX) 
are flat. The following statements are equivalent 

(a) — ®A B : AA'^ M.^ is a Frobenius functor; 

(b) the CC — D-bicomodule € B is quasi-finite and injector as a right D-comodule and 
there exists an isomorphism of D — (t-bicomodules hj)(£ ^a -B, S)) ~ S ®a ^■ 

Moreover, if d and D are coseparable, then the condition "injector" in (6) can be deleted. 

Proof. First observe that —(^aB is a Frobenius functor if and only if {—®aB^ — □©(i?®^^)) 
is a Frobenius pair (by ^Hl Proposition 5.4]). A straightforward computation shows that 
the map pm ®a B : M ®a B —>■ M (^a ^ ®a -B is a homomorphism of S-comodules. We 
have thus a commutative diagram in A^*^ with exact row 

^ Mn<r{€ (g)A B) M^a^^aB • ^ ^ M ®a^®a^®aB , 

M®aB 

where ■?/'Af is defined by the universal property of the kernel. Since is flat, to prove 
that is an isomorphism of S)-comodules it is enough to check that it is bijective, as the 
forgetful functor U : — > is faithfully exact. Some easy computations show that 
the map (M (g)^ (^a B) o t is the inverse in A4b to ipM- From this, we deduce a natural 
isomorphism ip : — (g)^ B ^ — □();(€ (g)^ B). The equivalence between (a) and (b) is then 
obvious from Proposition 12.91 and Proposition 12.71 □ 

When applied to the case where ^ = A and D = B are the trivial corings. Theorem 
14.11 gives functorial Morita's characterization of Frobenius ring extensions [21]. It is then 
reasonable to give the following definition. 

Definition 4.2. Let {ip, p) : —>■ D he a. homomorphism of corings such that a^ and ^2) 
are flat. It is said to be a right Frobenius morphism of corings if — (g)^ B : Ad'^ ^ is 
a Frobenius functor. 

The following generalize jT^ Theorem 3.5]. 

Theorem 4.3. Suppose that the algebras A and B are QF rings. 

Let {ip,p) : ^ D be a homomorphism of corings such that the modules a^, bS) and Db 
are projective. Then the following statements are equivalent 

(a) — ^A B : A^^ Ai^ is a Frobenius functor; 

(b) the €—D -bicomodule ^(^aB is quasi-finite as a right D-comodule, (£(g)A-B)xi is injective 
and there exists an isomorphism ofD — (t-bicomodules h^{€ (g^ S, 2)) ~ -B 0a ^■ 

Proof. Obvious from Proposition 13. 1U( □ 
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Now, suppose that the forgetful functor — > M.a is a Frobenius functor. Then the 
functor — ^ '■ M-A -Ma is also a Frobenius functor (since it is a composition of 
two Frobenius functors) and a^ is finitely generated projective. On the other hand, since 
- (g)A ^ : Ma M'^ is a left adjoint to Hom£((2:, -) : M'^ Ma- Then Home;((r, -) is a 
Frobenius functor. Therefore, C is finitely generated projective in M'^, and hence in Ma- 

Lemma 4.4. Let R be the opposite algebra of*(E. 

(1) € ^ '^M^ is quasi-finite (resp. quasi-finite and injector) as a right A-comodule if and 
only if A^ is finitely generated projective (resp. a^ is finitely generated projective and 
aR is flat). Let h.A{€, — ) = — ®a R '- M^ M^ be the co-hom functor. 

(2) If A^ is finitely generated projective and aR is flat, then 

A^Ai^, ^)c; - aR€, 
where the right €-comodule structure of R is defined as in |3, Lemma 4-3]. 
Proof. (1) Straightforward from Example 4.3]. 

(2) From [SJ Lemma 4.3], the forgetful functor M'^ — > Ma is the composition of functors 
M'^ Mr Ma- By dHl Proposition 4.2], hA(£, -) is a left adjoint to -DcC : M"^ 
Ma which is isomorphic to the forgetful functor M'^ Ma- Then hyi(C, — ) is isomorphic 
to the composition of functors 

Ma^Mr ^M^. 

In particular, A^Ai^, ^)c; — ®a R)€ — aRc- n 
Corollary 4.5. (J^ 27.10]) 

Let €. be an A-coring and let R be the opposite algebra of*(t. Then the following statements 
are equivalent 

(a) The forgetful functor F : M'^ ^ Ma is a Frobenius functor; 

(b) a£ is finitely generated projective and c:^ R as {A, R)-bimodules, where C is a right 
R-module via c.r = C(i).r(c(2)), for all c G ^ and r ^ R. 

Proof. Straightforward from Theorem 14.11 and Lemma 14.41 □ 

The following proposition gives sufficient conditions to have that a morphism of corings 
is right Frobenius if and only if it is left Frobenius. Note that it says in particular that the 
notion of Frobenius homo morphism of coalgebras over fields (by (b)) or of rings (by (d)) 
is independent on the side. Of course, the latter is well-known. 

Proposition 4.6. Let {ip,p) : ^ ^ D be a homomorphism of corings such that a^, 
^A and Db are flat. Assume that at least one of the following holds 
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(a) (t and D have a duality, and aB and Ba are flat; 

(b) A and B are von Neumann regular rings; 

(c) B ^A ^ is coflat in ^A4. and (t ®a B is coflat in Ai^ and aB and Ba are flat; 

(d) €. and D are coseparable corings. 

Then the following statements are equivalent 

1- — ®a B : Ai'^ ^ is a Frobenius functor; 

2. B i^A — '■ '^■M. is a Frobenius functor. 

Proof. Obvious from Theorem 12. Ill and Theorem IH.llI □ 

Let us finally show to derive from our results a remarkable characterization of the so 
called Frobenius corings. 

Corollary 4.7. fJ3 27.8]) 

The following statements are equivalent 

(a) the forgetful functor Ai'^ — > A4a is a Frobenius functor; 

(b) the forgetful functor '^AA. a-M. is a Frobenius functor; 

(c) there exist an {A, A)-bimodule map rj : A €. and a ((J, €.)-bicomodule map tt : C ®a 

^ C such that 7r{€ 0^7]) = 1 = n{r] ^a 

Proof The proof of "(1) ^ (4)" in Proposition O for X = (t e "^M^ and A = £ G ^M"^ 
remains valid for our situation. It remains to see that the condition (4) in this case is 
exactly the condition (c). □ 

5 Applications to entwined modules 

In this section we particularize some our results in Section |3] to the category of entwined 
modules. We adopt the notations of We start with some remarks. 

(1) Let a right-right entwining structure {A,C,iIj) € IE*(A;) and a left-left entwining struc- 
ture {B,D,ip) G l^{k). The category of two-sided entwined modules '^J^{ip,4')A 
defined in |12[ pp. 68-69] is isomorphic to the category of bicomodules ^'^^ 

over the associated corings. 

(2) If {A,C,ip) and {A',C',ip') belong to ^l{k) such that ip is an isomorphism, then ip is 
an isomorphism of corings (see ^21 Proposition 34]), and consequently if the coalgebra 
C is fiat as a fc-module, then the modules a{A (g) C) and {A (g) C)a are flat, and 
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(3) Let (a, 7) : {A, C, ip) — * (A', C", be a morphism in E* (fc) . We know that (a iX) 7, a) : 
A® C — » A' (g) C" is a morphism of corings. The functor F defined in [T^ Lemma 8] 
satisfies the commutativity of the diagram 

where — ®a A' : tM^*^*" J\yl^''^^' is the induction functor defined in jl8| Proposition 
5.3]. 

We have the following result concerning the category of entwined modules: 

Theorem 5.1. Let (0,7) : {A,C,iIj) {A',C',iIj') be a morphism in E,l{k), such that kC 
and kD are flat. 

1. The following statements are equivalent 

(a) The functor F = — ®a A' : M{;ip)^ M{ip')% defined in JT^ Lemma 8] is a 
Frobenius functor; 

(b) the A(^C — A' ® C -bicomodule {A ® C) ®a A' is quasi-finite injector as a right 
A' (^C -comodule and there exists an isomorphism of A' (^C — A®C-bicomodules 
hA'®c'((^ ® C) A', A' ® C) ~ A' <^A (A ® C). 

Moreover, if A(^C and A' (^C are coseparable corings, then the condition "injector" 
in (b) can be deleted. 

2. If A and B are QF rings and the module {A' C')a' is projective, then the following 
are equivalent 

(a) The functor F = — ®a A' : M{iP)a M{iP')a' defined in Lemma 8] is a 
Frobenius functor; 

(b) the A®C — A' ®C' -bicomodule {A®C)®aA' is quasi-finite and injective as a right 
A' ®C' -comodule and there exists an isomorphism of A' ®C' — A®C -bicomodules 
\^A'®c'{{A ® C) (S)A A\ A' ® C) ~ A' (S)A {A ® C). 

Proof. Follows from Theorem 14.11 and Theorem 14.31 □ 

Remark 5.2. Let a right-right entwining structure {A,C,ip) G IE*(A;). The coseparability 
of the coring A® C is characterized in O Theorem 38(1)] (see also Corollary 3.6]). 
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